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Abstract. We show that symmetry in the vanishing of cohomology holds for 
graded modules over quantum complete intersections. Moreover, symmetry 
holds for all modules if the algebra is symmetric. 

1. Introduction 

For which algebras do symmetry in the vanishing of cohomology hold? That is, 
given an algebra A, does the implication 

ExtX(M, TV) = for i > Ext\{N, M) = for i > 

hold for finitely generated modules M and A^? As shown in [AvB] , this implication 
holds for finitely generated modules over commutative local complete intersections. 
The proof involves the theory of certain support varieties attached to each pair of 
finitely generated modules over such a ring A. Namely, denote by c the codimension 
of A and by K the algebraic closure of its residue field. A cone V(Af, N) in K'^ is 
associated to every pair (M, N) of finitely generated A-modules, with the following 
properties: 

V(Af, N) = {0} Ext^(M, TV) = for i > 0, 

Y{M,N) = Y{M,M)r]Y{N,N). 

The symmetry in the vanishing of cohomology follows immediately from these prop- 
erties. As shown in [Mor, Corollary 4.8], group algebras of finite groups provide 
another class of examples where Ext-symmetry holds. 

We show in this paper that Ext-symmetry holds for all graded modules over 
quantum complete intersections, provided all the defining commutators are roots of 
unity. We also show that, if such an algebra is symmetric, that is, if it is isomorphic 
as a bimodule to its own dual, then symmetry holds for all modules. 



2. Quantum complete intersections 

Quantum complete intersections are noncommutative analogues of truncated 
polynomial rings. Included in this class of algebras are exterior algebras and finite 
dimensional complete intersections of the form k[Xi, . . . , Xc]/{X'^'- , . . . , X^^). Fix 
a field fc, let c > 1 be an integer, and let q = (qij) be a c x c commutation matrix 
with entries in k. That is, the diagonal entries qa are all I, and Qijqji = 1 for all 
?, j. Furthermore, let Slc = (ai, . . . , Oc) be an ordered sequence of c integers with 
o-i > 2. The quantum complete intersection A^ determined by these data is the 
algebra 

Al^ fc(Xi, . . . , X,)/{X1\X,X, - q^jXjXi). 
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This is a finite dimensional selfinjective algebra of dimension Y[i=i "^i- The image 
of Xi in this quotient will be denoted by Xi. We shall consider A^" as a Z'^-graded 
algebra, in which the degree of the generator Xi is the ith unit vector (0, . . . , 1, . . . 0). 
The category of finitely generated left -modules (respectively, graded modules) 
is denoted by mod^q= (respectively, grmodAq<=); all modules are assumed to be 
finitely generated. 

A quantum complete intersection is built from truncated polynomial rings using 
certain tensor products. We recall here the basics, details can be found in [BeO]. 

Let A and B be abelian groups, and let A and F be an A-graded and a i?- graded 
fc-algebra, respectively. Furthermore, let t: A (S)z B ^ k \ {0} be a homomorphism 
of groups, where k \ {0} is multiplicative. If a and b are elements of A and B, 
respectively, then we write t{a\b) instead of t{a ® b). Moreover, given homogeneous 
elements A S A and 7 G F of degrees d and d' , respectively, we write t{X\j) instead 
of t{d\d'). With these data, we can now define a new algebra A(8)|,r, the twisted 
tensor product of A and F with respect to the homomorphism t. The underlying 
fc- vector space ofA®^F is A^/cF, and multiplication is given by 

(Ai (g)7i) • (A2 (8)72) i(A2|7i)AiA2 «)7i72 

for homogeneous elements Ai, A2 £ A and 71, 72 G F. This algebra is A® B-gr&ded; 
if a G A and b E B, then (A F)((,^{,) = Aai^k^b- Given a graded A-module 
M and a graded F-module A'^, their tensor product M ®k N becomes a graded 
A F-module by defining 

(A (g) 7) • {m ® n) t{m\j)Xm (E) "fn 

for homogeneous elements AeA,7GF,me M, n E N . This module is denoted 
M ®^ N. As above, this module is ^ © B-graded; if o € A and b G B, then 

The purpose of this paper is to study symmetry in the vanishing of cohomology 
over quantum complete intersections. We therefore end this section with the fol- 
lowing two results, the first of which shows that quantum complete intersections 
are made up of twisted tensor products. 

Lemma 2.1. Let A^" be a quantum complete intersection with c > 2, let I be a 

proper nonempty subset 0/ {1, . . . , c} of order c\, and let = c — C\. Furthermore, 
let Aq'J^ and be the quantum com,plete intersections generated by and 
{^i}i€{i,---,c}\i> respectively. Then there is an isomorphism 

~ AZ' ®l 

for some homomorphism W'^ ®i — *• \ {0}. 

Proof. By re-indexing the generators, we may assume that / = {l,...,ci}. Thus 

A^^ is the subalgcbra of A'^ generated by xi, . . . , Xci, whereas A^.^ is the subal- 

gebra generated by the C2 elements a;ci+ij • • • , Xc. 

Consider the map Z'^i xl"^ Uk\ {0} defined by 

c i-1 

((di,...,rfci),(rfci-M,---,4)) ^ n 'n.^'if'- 

J— ci +1 i—1 

Given sequences di,d'j e If^ and d2,d2 G If^ , the equalities 

t'(di+d;,d2) = i'(di,d2K(d'i,d2) 
t'(di,d2+d^) = t'(di,d2)i'(di,d'2) 

hold, hence t' induces a homomorphism If'^ (g)z Z'^^ k \ {0} of abelian groups. 
Now let i and j be elements of I, and consider the elements Xi^l and xj (g) 1 in 
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the twisted tensor product Aq^^ ig)^ ■ The degrees of Xi S Aq^^ and Xj G Aql^ 
are the unit vectors ej and in Z"^ , respectively, whereas the degree of 1 e A^l^ 
is the zero vector in Z*^^ . Therefore 

{Xi (Si l){Xj (Si 1) = t{ej\0)XiXj S 1 

= XiXj (8> 1 

= QijXjX'i Si 1 

= qijt{ei\0)xjXi S 1 

= QijiXj Sl){Xi^l), 

and similarly {1 (S Xi){l (E) xj) = qij{l S) Xj){l (E) Xi) whenever i and j are both in 
{ci + 1, . . . , c}. If i G / and j € {ci + 1, . . . , c}, then the degree of Xj in Aq^^ is the 
unit vector ej in Z'^^ . In this case we obtain the equalities 

{xi S 1)(1 <8> Xj) = t{0\0)xi S Xj = XiS Xj 

and 

(1 S) Xj){xi (g) 1) = t{ei\ej)xt Xj = qjiXi S Xj, 
and consequently A^" is isomorphic to Aq°^ (g)^ Aqj^ . □ 

The final result of this section shows that the cohomology of a twisted tensor 
product of graded modules is the tensor product of the respective cohomologies. 

Theorem 2.2. [BeO, Theorem 3.7] Let A and B he abelian groups, and let A 

and r be an A-graded and a B-graded k-algehra, respectively. Furthermore, let 
t: A®iB ^ k\{Qi} he a homomorphism, and let Mi , G grmod A and Ni,N2 € 
grmodr he graded modules. Then there is an isomorphism 

Ext;^, r{Mi si Nu M2 S>1 N2) ~ Extl(Mi, M2) Sk Ext^TVi, TVs) 

of graded vector spaces. 

3. Ext-SYMMETRY 

In this section, we prove that symmetry holds in the vanishing of cohomology for 
graded modules over a quantum complete intersection, provided the commutators 
are all roots of unity. The idea of the proof is to use twisted tensor products to pass 
to a bigger quantum complete intersection where Ext-symmetry holds, namely a 
symmetric one. In order to do this, we must determine precisely when a quantum 
complete intersection is symmetric. Throughout this section, we fix a field k. 

Recall that a finite dimensional fc-algebra A is Frohenius if a A and -D(Aa) are 
isomorphic as left A-modules, where D denotes the usual fc-dual Houiki—, k). If A 
and D{A) are isomorphic as bimodules, then A is symmetric. Now suppose A is 
Probenius, and let <;/): a A ^ -D(Aa) be an isomorphism. Let y € A be any element, 
and consider the linear functional • y G D{A), i.e. the fc-linear map A ^ fc 
defined by A (j)[l)[yX). Since 4> is surjective, there is an element a; G A having 
the property that ^(x) = (f>{l) ■ y, giving x ■ (f)(1) = (f>{l) ■ y since (j) is a map of 
left A-modules. It is not difficult to show that the map y x defines a /c-algebra 
automorphism on A, and its inverse u is called the Nakayama automorphism of A 
(with respect to (j)). Thus v is defined by (?i(l)(Ax) = (/>(!) A) for all A G A. 
This automorphism is unique up to an inner automorphism; if 0' : a A D(Aa) is 
another isomorphism of left modules yielding a Nakayama automorphism v' , then 
there exists an invertible element 2; G A such that v = zv'z~^. Note that (j) is an 
isomorphism between the bimodules 1 A^-i and -D(A). Moreover, note that A is 
symmetric if and only if the Nakayama automorphism is the identity. 

As £'(Aa) is an injective left A-module, we see that a Probenuis algebra is al- 
ways left selfinjective, but in fact the definition is left-right symmetric. For if 
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0; A A — > D(Aa) is an isomorphism of left A-modules, we can dualize and get an 
isomorphism D{(j)) : D^{Aa) -D(aA) of right modules. Composing with the nat- 
ural isomorphism Aa — -D^(Aa), we obtain an isomorphism Aa — > -D(aA) of right 
A-modules. 

A finite dimensional local algebra is Frobenius if and only if it is selfinjective. 
In particular, a quantum complete intersection A^" is Frobenius, and the following 
result shows that there is a particularly nice Nakayama automorphism. 

Lemma 3.1. A quantum com,plete intersection A'^ is Frobenius, with a Nakayama 
automorphism A^- A^' given by 




for 1 < w < c. 

Proof. Consider the map A^" D{A^'') defined by 



That is, the element (f){l) maps an element y G j4q<= to the coefiicient of the socle 
element This is an isomorphism of left -modules. By 

definition, a Nakayama automorphism A^" A^" has the property that y ■ = 
0(1) • fiy) for all y G ^q'- The given map satisfies this property. □ 

Thus quantum complete intersections are not symmetric in general. However, 
the following result shows that for every such algebra, there exists a symmetric 
quantum complete intersection "extending" the given one. 

Proposition 3.2. Given any quantum complete intersection A^", there exists a 

symmetric quantum complete intersection A^" with the following properties: 

(i) The subalgebra of A^" generated by isomorphic to A^" . 

(ii) The commutators of A^" are the commutators of A^". 

Proof. Suppose A^'^ is given by the sequence ac = (ai , . . . , Oc) and the commutation 
matrix 

(qii ■■■ qic 
; ; 

qci ■■■ Qcc 

in which qijqji = 1 and qu = 1 for all Define a sequence a2c and a 2c x 2c 
commutation matrix q' by 

a2c '= (ai, . . . , ttc, oi, . . . , ttc) 
, def / q q^ 

^ - q 

where denotes the transpose of a matrix. Then A^" is isomorphic to the sub- 
algebra of the quantum complete intersection A^J" generated by xi,. . . ,Xc- The 



commutators q'^^ in A^" satisfy 



Quv if u < c,v < c 

Qyi ifu = c + i,v<c 

qju a u < c,v = c + j 

qij it u = c + i,v = c + j, 
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and so if i and w are integers with 1 < i < c and 1 < w < 2c, we see that 
l'iw<l[c+i)w = 1- This gives 

UiiLr-' = (fliiLr-'] fn(«(c+i)-)"'-') = 1 

i=l \i=l / \i=l / 

for 1 < w < 2c, and therefore A^"" is symmetric by Lemma 3.1. □ 

As mentioned, the crucial step when proving Ext-symmetry for graded modules 
over a quantum complete intersection is the passing to a bigger symmetric alge- 
bra, as in the previous result. Namely, the next result shows that Ext-symmetry 
holds for all modules over a symmetric quantum complete intersection whose com- 
mutators are all roots of unity. Recall first the following: details can be found in 
[SnS] and [Sol]. Let A a finite dimensional fc-algebra, and denote the enveloping 
algebra A(g)fc A°p of A by A°. For n > 0, the nth Hochschild cohomology group 
of A, denoted HH"(A), is the vector space Ext^, (A, A). The graded vector space 
HH* (A) = Ext^e (A, A) is a graded-commutativc ring with Yoneda product, and for 
every M G mod A the tensor product — (g)A M induces a homomorphism 

HH* (A) ^ Ext; (M,M) 

of graded fc-algebras. If TV G mod A is another module and rj E HH*(A) and 6 G 
Ext;(M, iV) are homogeneous elements, then the relation <pjv(»?) oO = (— l)''''!^'^ o 
fMiv) holds, where "o" denotes the Yoneda product. In the terminology used in 
[Ber] and [BIKO], the Hochschild cohomology ring HH*(A) acts centrally on the 
bounded derived category D''(A) of mod A. 

Theorem 3.3. Let be a symmetric quantum complete intersection whose com- 
mutators Qij are all roots of unity. Then for all modules M,N G modA^", the 
following are equivalent: 

(i) Ext^a, (M, TV) = /or i > 0. 

(ii) Ext^.c (M, N) = Ofori>0. 

(iii) Ext^^c (iV, M) = /or i > 0. 

(iv) Ext^ae {N, M)=0 fori>0. 

Proof. By [BeO, Theorem 5.5], the Hochschild cohomology ring HH*(Aq'') is Noe- 
therian, and Ext^ac {k, k) is a finitely generated HH* (j4q° )-module. The result now 

follows from [Ber, Theorem 4.2]. □ 

Examples, (i) Let A be the exterior algebra on a c-dimensional fc-vector space, 
i.e. 

A = . . . , X,)/iXf, {X,X, + XjXiji^j). 

From Lemma 3.1, we see that when applying the Nakayama automorphism to a 
generator Xi, then the result is the element {—ly^^Xi. Therefore A is symmetric 
precisely when c is an odd number. Consequently, symmetry in the vanishing of 
cohomology holds for modules over exterior algebras on odd- dimensional vector 
spaces (cf. [Mor, Corollary 4.9]). 

(ii) Fix integers c and a, both at least two, and let q be an clement in k with the 
property that q°'~^ = 1. Furthermore, let He be the c-tuple (a, . . . , a), let q be the 
commutation matrix 

/I q q \ 

q ^ I q ■■■ q 



q-' 1 q 
■■■ q-^ 1 / 
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and consider the quantum complete intersection A^" . Explicitly, this is the algebra 

k{Xu X,)/{X^, {XiXj - qX,Xi}i^j), 

and from Lemma 3.1 we see that it is symmetric. Thus Ext-symmetry holds for all 
modules over A^". 

Using Theorem 3.3, we now show that Ext-symmetry holds for all graded modules 
over an arbitrary quantum complete intersection whose commutators are all roots 
of unity. 

Theorem 3.4. Let A^" be a quantum complete intersection whose commutators 
Qij are all roots of unity. Then for all modules M,N G grmod A^^ , the following 
are equivalent: 

(i) Ext^a, (M, TV) = /or i > 0. 

(ii) Ext^ae (M, N)=0 fori>0. 

(iii) Ext^ae {N, M)=Ofori-» 0. 

(iv) Ext^ac {N, M)=0 fori>0. 

Proof. Let A^" be a symmetric quantum complete intersection with the properties 
given in Proposition 3.2. That is, the subalgebra of A^" generated by xi,. . . ,Xc 
is isomorphic to A^°, and the commutators of are the commutators of A^^. 

By Lemma 2.1, there exists a homomorphism IF ^ kX {0} and a quantum 

complete intersection , such that A^" is isomorphic to the twisted tensor prod- 
uct A^ ®\ Ap=. Now for graded ^^^-modules M and A^, Theorem 2.2 provides an 
isomorphism 

Ext^a,. (M ®\ A\%N ®l A^^) ~ Ext:ia, (M, AT) 0fe Ext^.. {A\^.AX^) 

of graded vector spaces. The result now follows from Theorem 3.3, since all the 
commutators of A^" are roots of unity. □ 
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